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Summary of Last Lecture - all based on balls bins

set of keys K
• For a random hash function ,
to avoid collisions frith goodpuss .) m {

€
need size of hash table to be ¥ /n
= (no . of keys stored )Z hash

table
universe U

T

• To collect at leastone copy of each
ofn coupons , need to take about
nln.ir random samples

Ideas/techniques
• If we randomly distribute u jobs

aremore

important than
among n processors, the largest calculations ¥load on any processor is likely to
be around www.#



Today
• Random variables f- functions/measurements

on probability spaces)
• Distributions

• Expectation

• The Unreasonable Power of Linearity of
Expectation



Random Variables
Measurements on probability spaces

Example : R = space of 3 fair coin tosses
= { HHH , HHT, HTH,THH, HTT,THT, TTH ,TTT}

Uniform probabilities : Pr to] = f- lfwer

For any weR ,
let ✗(w) := number of Heads in w

NAE : • ✗(w) is afeal) number (actually , a non- neg .
integer)

• ✗two c- { 0, 1,2, 3 }



For any WER , let ✗(
w) := number of Heads in w

• For angie {0,1>2,3 } , Ei :={w : ✗(w)=i }
is an event

• The events {Ei } partition r

+1ft Ttoodt
+¥"

H•HH

•

• H•TH
TTT •

TTH HH-9 Ez
ÉO

E,
E2

The collection {fi, RTE;])} is the distribution
Herd : Pr /✗ = 0] = 1/8 ← PRIED

Pr(✗= I ] = 31g ← Pr IE ,]

Pr /✗=2 ] = 318 a- Pr lez)

Pr [✗=3] = 48 ← PVCE}]



Random Variable : Definition
Defy : A random variable on a prob . space r is

a function ✗ :r→R

I. e. , ✗ assigns a real value ✗(w) to each wer

•

¥-14 •

¥-14••É• K
r

✗ = # Heads

Defy : The distribution of a (discrete) r. v. ✗ is :

- the set of possible values for ✗
- for each possible valuea the probability Pr fX=a]



Chedi : For any v.v. ✗ with set of possible
values it

,
we have

EPv[X=a] = 1
aet

Pnf : E P✓[X=a] = E (E Pr [w] )
act aat W : ✗to)=a

= E Pr [w] = 1 ☐

since Hwer → wer

3- unique act
S.t. ✗1W)= a



Exainpes
1. Roll 2 fair dice
✗ = sum of scores on dice
D= {(i,j ) : lei,j±6 } Irl = 36

✗ ( i,j ) = itj ✗ (W) C- {2,3, - - → 11,12 }

Distribution of ✗ 6 • • • • • •

5 • • • • • •

Pr /✗=2) = 436
4 • • • • • •

Pr/✗=3] = 2/36=1/18 3 • • • • • •

Pr [11--4]=3/36 = y,z
2 • • • • • .

I • • • • • •

'

.

A 2 3 4 56

PRIX--7) I 6/36=1*46
i.

PRIX-12]
"

= 1/36



2. Random Permutations

Collectthe IDs of n students
Redistribute them randomly (one per student)
D= set of

perytaonsofnitemslrl-n@E.g
. for u =3 •

"3
• 231 Irl=3? = 6

12*3 31*2 I
132• •321

Uniform probability space : Pvlw] = I, ltw

Random variable ✗ = no. of students who get theirown ID
a.k.a .

"

fixed points
"



✗ = no . of fixed points in a random permutation

1293
•312

•
23,

21,3 <
⇒
• • • • >

132
.

3•2 '
0 711 2 3 112

Distributional Histogram
PRIX-07--46=1/3 nP✓[x=a]
Pr [11--1]=3/6--42 112

Pr /✗ = 3) = 1/6=46 "3
116

9=0 9=1 9=3 >a



3. Binomial Distribution
independent

Toss w/biased coins , each having Heads puns . p
D= {H

,
T}
"

f- all strings of length n over alphabet
{1-1,7} )Prlw] = pi (tp)

""

where i = no . of Heads
in w

Random variable ✗ = no . of Heads ✗c-{0,1. . . -in}
What is the distribution of✗ ?

• - tt - - 1--11--1 - .

Pr /X=i) = (F) pill-pjn-i.EC?)piftpY-i=1i--o
n

We say ✗ has binomial distribution
with (PD

"

parameters n, p (µ*)n=É Haiti
"

✗ ~ Bin Cup) i--0



Pictures of Bin /nip)



4. Hypergeometric Distribution
Deal a 5-card poker hand 111=(3--2)
R.v. ✗ = no . of hearts in your hand

✗ c- {0,1>2,3 , 4,5}

Distribution :

(F)
Pr[✗=D = ⇒
PRIX=D = HY¥÷

:

Pr IKKI =
"¥¥



4. Hypergeometric Distribution
Deal a 5-card poker hand 111=(3--2)
R.v. ✗ = no . of hearts in your hand

✗ c- {0,7>2,3 , 4,5}

Distribution :

pg,
More generally :

Pr[X=o]= ⇒ - boxofN balls, B. black,
rest white

Pr /F- 1) = I'?Y¥ ← drawn balls w.io . replacement

:
- ✗= #ofblaikballsdrawn

Pvlx=k1=
"%¥¥¥prlx.kt-IEYIY-EN-tei.EE/E)(II.)--(1) ? Hypergeometric distribution ,

parameters (N> B>m)



Joint Distributions
Defy : The joint distribution of two r- v.'s X , Y on the

same prob. space is the set

{ (a , b, PrlX=a , Y = b] : att
,
be B }

where A, B are the possiblevalues of X, Y resp .
The marginal distribution of ✗ is given by

Pr [✗=a) = E Pr[X=a , Y= b]
b c-B

✗it are independent if

P✓lX=a , Y =-D] = Pr /✗=a) ✗ Pr[Y=b] ta
,
b



Joint Distributions
Example : Throw twofair dice
Random variables :

✗= score on first die
y = - . - - second - . - -

2 = Sum of scores

Pr / ✗=3, Y= 5 ] = 436

Pr I ✗=3
,
2=9 ] = 436

X
,
Y independent ?

X
,Z independent ?



Expectation f- mean/average)

simplest Quantity that summarises the distribution

of a r. v.

Defy : The expectation of a (discrete ) r.ir . ✗
is

Efx] : = E a ✗ Pr [✗=a]
aet

where A is the set of possible values of ✗

EH] measures the
"center of mass

"

of
the distribution



Expectation : Examples "¥
1. ✗= score movie fair die AEX]= /

t.it/+f-ox4+---+&-x6)--1ox(1t2-.---6)--7z-nI1!Y--sumofscovesontn0-
fair dice
- M
"

E- 197=(56×2)+(33×3) + (3-6×4) -1
. . . + (316×12) 6 • • • • • •

= . - .

5 • • • • • •

4 • • • • • •

= 7 3 • • • •• • •

2 • • • • • •

1 • • • • • •

A 2 3 4 56



2. ✗ = no . of fixed points in a random permutation
In =3 )

Distributional
¥3

•312
•
231

Pr (11--0) = 2/6--1/3 % %,
% <

*

; ; ; ; 7,2

Pr [✗= 1) = 3/6=1/2

Pr /✗ = 3) = 1/6 = 46

nP✓[x=a]

9=0 9=1 a=3 >a

Efx] = (5×0)+(12×1) + ⑦ ✗3) = 0+1+1=1



3. Roulette

Roulette wheel : 36 numbers
118 black / 18 red) plus 0 , 00

Bet$1 on red : win$1 if red ,
lose $1 if black orgreen

✗= amount won lost ✗c- {-1,1-1}

Pr /✗= -11] = ¥8

Pr [✗ = - i ] = ¥ } EH] = (1×78)+(-1×2,8) = -¥
Note : presence of 0,00 make this game unfair



Linearity of Expectation
Thing : For any random

variables ✗
,
Y on prob . spacer ,

fit E- 1×+9] = EH]+E[y]

Iii) E[aX] = aEfx] for constant a

✗=
a

Proof : Now that EM = E. ✗G) ✗ Prk] ,*÷%=

4) E- [✗+ y] = En WY)(w) ✗Prat a×P④
4-+g)1×1=1-1×1 -1gal

=§y ✗G) ✗Dfw] + Eylw) ✗Prlw]
WER

= E- 1×7 + Ely]
foil Easy exercise

Crucial : Does not assume X,Y are independent ! ! !
Does not say that ECXY] = ECXTECY] or E[Y×]=YE[x]



Linearity of Expectation : Examples

1. Two fair dice
✗= sum of dice rolls
Than ✗ = X , + Xz where X, = score on first die
- Xz = -

- - - -second - -

ltwer: ✗ (w)= Xilw) +Xzlw)
itj = ✗Ci,;) = X, +☒di,④ = it j
So by linearity"i

"

j

EIX] = EH , +✗it = Efx ,]+E[XD = E. + E = 7



Linearity of Expectation : Examples
2. Multiple roulette games
Play roulette 100 times ($1 stake each time)
✗ = amount won/ lost

✗ = X ,+Xzt - - - + Koo where Xi = aunt
. won /Lost in

ith game
Recall : Elxi ) = -f- Fi

Linearity : Efx] = É E[Xi] = 100 ✗ft) = -5.26
i = I



3. Multiple coin tosses indicator

Toss a biased coin (Heads puts - p) n times
" "

)✗= #Heads ✗~ Binomial /nip) ☐

✗ = ✗it - - -+Xn where ×i= {
1 ifithtoss Heads
0 - - - - - Tails

Nohe-thatElXi7-flxp1t@xd-pD-pnLinearilyi.E/X) -_ ⇐ Elxi)=n×p

expectation of
a Binlnp)
distribution



4. Balls Bins

Recall : toss m balls u.a.r.int n bins

R.v. ✗ = #of empty bins
✗ = ÉXi where ✗i = { 1 if bini empty0 - - -

- non-empty

Them EH;] = ✗ ✗ Prlbiui empty])+@✗Albini not empty])
= Pr [ bin i empty]

= ( I - In)m← all m balls must
choose a different bin

4-
'at - e-

1

Linearity :

EAD-i.EE/XiJ=nfl-I)m=ne-m/nE.g.ifm=n
,
Efx] = ne- ' = 0.37N



5. Fixed points in a random permutation

General case : in items

✗ = # of fixed points [Recall : EH]=1 torn =3]

✗ = €, Xi where ✗i = { 1 if i is afixed point0 otherwise

Efxi ) = Pr [ i is a fixed point] = Yn

Linearity : EIX] = ÉEIXI] = nxtn = 1
F- I

Boltomline : If we collect redistribute IDs of n people,
the expected # who get their own ID
is aWay# Cindep . ofn )


