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Plan for Today
• Variance ( standard deviation) - a measure

of
"

spread
"

of a random variable

• How to compute Variance

• Variance of Binomial , Geometric , Poisson

• Covariance Correlation



Variance

Measures thetypical distance of a r. v. from
its expectation

IX-E 1×31 not
a r.ir . ✗

E[×]

Obvious measure ofdistance is 1 X-E[✗31

More convenient to use ☒- EADY



"m of
a r.ir. ✗

E[X]=M

Definition : The variance of a random variable ✗ is

Var (X) = Elk-MY]

Where M = Efx] .

The standard deviation of ✗ is

rlx) =%)



A more convenient expression

Claim : Van /X) = Elk-MY] = EAT] -M
'

Proof Varlx) = E- IN-MY]

= EIXZZMX-1M]

LINEARITY→ = E-µ] - ZMECX] + E-[M]

EH]=M→ = E [XZ] -2M +µ
'

= E- 1×9 -v2



Q : How do we compute E[✗2]

A : E[✗2) = £ a- ✗ Pr [✗=a]
EH]=§a×PrH=a]

Move generally , let Y=f(X) be any function
defined on the range of ✗ . [E. g. f- ✗

2]

Then Y is also a random variable : Ylw)=f(✗(w))
Yfw)= ✗(a)

2

Claim : Elf (X) ) = Cafta) × PRIX a]



Clavin : Elf (X) ) = Eafla)×Pr[X=a]

Proof : Recall that
, forany r- v . Y , we have

Ely ]= ⇐ Ylw) ✗ Prcw] :

Apply this to the v.v . Y=f(×) :

Ely]= E Ylw) ✗ Prlw]
wer

=£fWw)) ✗ pray

= £ ⇐µ=af(a) ✗ Pr[w]
= If(a) ✗ Pr [ X=a]



Variance : Examples

1. ✗ = score on roll of a fair die

E-(X) = f- (1+2+3 -14+5+6) = ¥

EAT] = E. (I -14 -19+16+25+36) = ¥

So Van (X) = E-1×2] - E 1×32

= % - ¥
= ¥



2. ✗ = # fixed points in a random permutation

Recall : ✗= X, -1×2-1 . . - +Xn where ✗i=[¥¥:*.0 otherwise

⇒
E.g. : i•

•

3-94 75%6%7 ✗=2

Efx] = ÉE[Xi] = É In = 1
F-I i= '

← Efx;] = Pr [Xi =D

=Pr[iafixedpt?
= nt

Vavlx)= EH] - EAT
so we just need to compute EAT . . .



So we just need to compute EAT . . .

E- 1×2] = Elk , +Xzt . - - +✗NY] (X , -1×2-1×35
=x?-1×7-1×5

=É E[Xi] +2€ E[✗i ✗j ] +2/1×2
-14×3+4×31

Notethat: • Xie Xi
,
so Efx?]=E[Xi ] = In

• Xixj = {
1 if i,j both fixed points
0 otherwise

so Efxixj ] = Pr [i.j both fixed points]=n¥,
Thus Eli] = µ ✗E) +2 (2) ¥1, = 1+1 = 2

And so Vava) = EAT- EAT _- 2- I = I



3. ✗ ~ Geometric (p)

Read : Pr /✗= k ] = X-p)
" - '

p
k --1,23, - .

EH] = ¥
To compute E-1×9 = €? K

'

Hp)
"- '

p :

• Start from €94-p5= f-
• Differentiate w.nl:p : €9k (tp)

""

= ¥
• Multiply by 1-p : k§k (tp)

"

= 1¥
• Differentiate again : ② k4tp)

" '
= 2¥k= I e- f.EAT !•

Hence EH]= 2¥ ⇒ Vara)= 2¥ -¥=¥



4. ✗ ~ Poisson (X)
Recall : Prl ✗ = K) = e-✗ F÷ k=0

, 1,2, - - -

E- 1×3 = 7

EH] = EI
,

K
'

e
"?

k -1k - 1) + I
= ✗e-
' EI

,

K
!

= >e-
' Eick-" + I

= ✗e-' [IÉ i
+ É

.
:]

= ✗e-✗ [ Xe' + e'] = 5+1

Hence Vara) = (5+1)-5--1



5. ✗~ Binomial (n , p)

Recall : Pr[X=k) = (1) pk (tp )
"- K

Efx] = up
is HeadsAlso : ✗ = × ,

+ Xz + - -
- ✗Xn where Xi={f¥÷!÷

To compute ECXY
,
we could use :

E-1×4 = Elk , -1 - - - + XNY ]

= £ E- Hi] + ZEEK:X;]
i= I i<j

= . -
-

Butit's much easier to use the fact that the Xi are

independent



Variance of a Sum

For any two random variables ✗ , y , we have :

Vav(✗+Y) = E [1×+95]-4=1×+935
= E-1×45+2×51 - (E 1×7-1 Ely] Y

= E[XD+ E- (5)+2E[xy] - ENT-EAT
- ZEIXIECY]

= Var (X) + Vandy) + 2(EAD-EYEG])_
vow (✗+y) =Vaux)+Var(YH2Gv(✗ it) covariance

Cova,9)
Claim : If ✗ it are independent then Corky)=O

Corollary : ✗is independent⇒ Van(✗+9)= Varcxtvarcy



Claim : If ✗ it are independent then Cova.y)=O

Pref : Recall that ✗it independent means that
Pr [✗=a , D= b) = Pr (X=a] ✗ Pr [Y=b]

V-a.BE/xyJ--aEEbabxPrlX--a,Y=b]
INDEPENDENCE→ = § § ab ✗ Pr [✗=a) ✗ Pv (Y= b)

= (§ a Prata] ) (§bPr[Y=b] )
= Efx] EM

Hence Cova ,y) = Efxy]-EMEA) = 0



5. ✗~ Binomial (n , p)

Recall : Pr[X=k) = (1) pk (tp )
"- K

Efx] = up
is HeadsAlso : ✗ = × ,

+ Xz + - -
- ✗Xn where Xi={f¥÷!÷

Since the Xi are independent :

Vaux)= §
,

VailXi )

But Varlxi) = Efxi] - Elxi ]
'

= p - p
-

=p(tp)

Hence Vaux) = up (tp)



For ✗ ~ Binomial /nip ) :

Efx ] = up Vara)= up /1-p)

E.
g. p=Yz (fair coin) :

EH]= E Vaux )= ¥

rlx)=✓Ñ= ¥¥¥¥⇒÷iA
Intuitive Interpretation :

the disturb?

o

most of

lieswithinwe will make this idea
off) of

precise in the next Ecx]

lecture
ECX]=Yz n



6. RÉkDkad')
• Start at 0

i i i 1 I g , ,

• Each second , move

it i in 1 step right w- prob - Yz{ 1 step left - - - -

⇐ position after n seconds
^

where ✗i = {
1 if ith step to right

Sn = EX; -1 - . - left
i =L

Varfxi) =
Efsn] = ÉE[Xi ] = 0 Efxi] -Exiti-4

= 1 - 0 = 1

Varfsn)= §
,
Var(Xi) = n×1=n

So olsn) = in j.TO#rn)width
n



Covariance Correlation
c.f. rank)=

Recall : Cov (Ky) = Efxy] - Efx]Efy]
E-1×4-1=1×12

c. f. Vava)

Eauivalenthy : Cov (Ky) = E- [ ( X-A)(9-My )] = Elam

= Efxy] -MxEG] -My E[X]+M×Myvavlxt-EKX-EHD.to
= ECXY] - MxMy -µ×MytM×My
= ECXY] - ECXIECY]

Properties
1. ×

,
Y independent ⇒ Cov (× , g) =0 [Note : This is

NOT ⇐ ]
2. Cov (X, X) = Varcx)

3. Cov (Ky) = I [ Vara-191 - Varcx) - var/y)]
Recall : Var(✗ +4) = Varix) + Vow (9) - ZCNCX, y )



Corky) > 0 ⇒ ✗ is positively correlated

Cova, 9) < 0 ⇒ ✗it negatively correlated
Better measure :

Defy : The correlation Corkill is defined as

Corral.M=¥¥¥→,
Properties
1. -1s Covrlx ,9) ⇐ + I [Proof : see notes]

2. KY independent ⇒ Corr (X >9) = 0

3.com/X,Y)-- + I ⇒ Y=aXtb for constants a¥O
,
b

Corr IX. 9) = - I ⇒ Y=aX+b - - - - - a<Qb


