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Re 1ew of ?/el/ious Lectuve

o Vamiavce - For a candown vaviable with Efx]=/
Vo (X) = E[X-#T) = ET-M
Stvdavd deviahon :  6(X) = JVar (x)
Measuves “spvesd  of e dishibubion

o To Comp\,{fe E[XZJ ?
E(x) = Z a*x H[Xsal




Keview ( cont. )

o X~Bwmm (A,P) '~ E(X]-‘-V\P VW[X] ’V‘\)("P)
o X~Ceovv\(,ﬂ : E(x) - )? \/a\/[X] = _I_;;jig
o X~ hison (>\3 -' E[)d = A Vav[X] = X

o fov any V. X and C,O\_{\sfamtc_

Vaw(cX) = ¢ Vav(X)
o ¥ XV ave wdependenl thew
Vaw (X+4) = Var (X)+ Vav (4)




Review ( coul. )

o for awy +wo vv's X Y
Vav (+49) = av (X) + \ar(8) + 2Cou (X, ¥)

e Covavionce (ov (X,U) = E[X‘J] ’E(X]B[ﬂ]
= E[&M)(9-M)]

70 - FOS- covvelaflown

® COV(XI\j){<O . V\es. c_ovn/elaHDV\

_ Gy (lies i [F1,+1]
0 CON(X;‘Q) T se) s )




Plam o Toﬂ(a\»j

G)vkceviwa‘ﬁw\ A’M@,Quahhﬁs N how {w 1S a NV.
away "qu\ N e)qrec\'a(‘im.?"

Mavkors Inequalily
(hebyshes Ineoualiy  (based on \aviowce)
Apphations o Estimaiion
Law & Lavge Nuwmlboers



C oncentvation JvmecquaUﬁes

0 What ave they ?
A Iequaliies that bel(us how fuv a v, X
is bkely b be o ib epectation E[x] 2

Q f \A/\/\Aj »w s useful, %
A Expectutions ave essy to compale — o if X
is doe o E[X], we lave ald¥of vfo.

about X




Mavicoy's Mequality

5“1&44918 i S\A()pose J kel Yo -
1. Randow vaviable X 13 VlOV\-we?ah)uQ
(i.e., X220 q(ways — w-pb. 1 >

2. E[X]=10

o) ¢

Wha™ cam o bl me abut Br[X» 5

\

L




Mavicoys JveQuaU@
Examle © Suppose ) bl you -

1. Kangow O\I/l'.atol/QX’l:) nou cgahwe
(-e., X2 O dlways va-’l)
2. E[X])=10
Whdl™ cam o Rl me about Rr[x» s0) ¢
Vis
bhg
—100 o o s

E[X]- -f'- (o) + x50 =10



/mao\/w [ Mavlov's 1v«equ4(,;’c_,l]
F0f O\V\\A vlow\ - neqaRve { avd own JO\Mb\L )( avd awy C:

A[X%c] « L« E[X]

M : S»\Wosef\fof onvodichon Ybak Pr [X?C] > cl. g[x)
B\J O\Q(:‘W\z\‘isv\ be E[ X] :
ﬂx] — Z oL X PTCX:OJ
Z oL X ?f[)(-a] e

azC
7 Cx PT[XZC]
Hoe Pr(X3c) < 2E[X] =

because XZ0 !



é(ﬂlw\?\e j X ~ E\\Aomia(,('/h ‘/z)
Recall : E[X] = mp = w/2

Mavkov : ?r[)( 7/(,‘7_5 _L_

C
= W[X23%] < i « Elx] =

WIN

@@_: This upper bound is avvet bk fav Auws
the best bound we cam 365’ see laker)




Q: S"\?\)DSQ— we CA,\SO WOUJ \/Q((X> — d\oe5 ’\'\Mgl,\e(_‘; ?

A: UES' Recall thal \/M (X) wensuves €X?¢c(‘€d
(squaved) distauce of X frwa E[x)

E[X]

J0 Vo (X) s swall, Hleern The pb. Aak X
AS fon/frswn £[x] shouwlA be swall



af\e(ajslaeu S J‘/\eQ\Aﬂ(&%
Theovewr - 6‘/“—@ FU. X aud amy €

P (X-€badlyc] & Var(X)
CZ

Cowmpave wikh Mawtcov -
e Doosn't veauwe X b be,v\w—meﬂqﬁve
o (Guwesc two-sided Doumd. (O\\owe @\aeiou) 6[)(])

o C \/zylageg\ ]03 ct




aﬂe(ajslwu S JV\EQ\A.G(A%
Theoreun : FW% VU K amd amy c

P [X-Ell yc] & Vav(X)
Cz

B Tefine tre ru !\=<X—E[X]>L
Note that™ Y 4s won-viegative so we cam
appyy Mastovs srequality to it
v(Y=zl) = "E[—-‘f]

C

ce.  Pe[(xeldycr] < EL¥EDN]

C

e T [IXEmluc] « Vel
C‘Z—




EXam'ple © X~ Buownad (n, Y2)
Recall = E[X]= up = /2 Va (X)=wp(i-p) = v/

Chobyebes - P [Ix- €017 c] & Verl®

C

= Pf[X» 3;"‘]5 B[ Ix el Yy]

é Va"/ ()() = _V_l/i_ =
(g /)

S|

TWws 1s wuch beltev than Mavkoy (Whids
Je ns Pr(X~ %‘]_A_ %)




Ecgwlva lendt Sl'afewneuf o_f Clrels Y shey

For amy v, X

Pr[/X——E[x]l 7 ka'(x)] < _Ll<_Z

Pof . Pugin c= ko (X) o Chelogshey -

Pr(IXE[ > K6 | < Q\{/w((%
6(X

= (X)) -1
k* Varlk) k*

é)mw?[ﬁ: EN 0(_04_1:1 V. X, the pmbabiu@ ()ﬁ be{M
MOve “an 2 s.d.'s 7(;0\/\/1 mean +S & ’/4_




g)(awl(?le : X ~ Poissom ( gy

Recall E[X] =) Vv (X) = X c(X)=JA
Uebghe -~ F[IX-N= WX] = 5

Eg A\=100 — R [|Xx-1001720) < Yy

///// | L/r
30 190 '20




Application :  Statistical Estimation

q_oa_l :£S1me'[72 e ;Dfapaﬁvn of swolkevs w tle Populahlc‘m
wibwm T 1% wth confdene » 957

OP\MLW\ Rl - Take. o vandown sample of A People.
Asl. eacla pevsoU uf fheﬂ'fe A swoler

Oubpil e frackion of tle ample
k™ sans ~ des’

KQ_\j Questow : |How lcu'ﬂe, does N hawe B ke +o
enswe acwooy X\l Y wibidone 952.?

ot : Assuwe v Simpliciley we choose people. wills veplovemesit
i 50']1Md7?:0\w)lefa«e,bja)\ m?eviﬁt T q>l




,NAC' AAaﬂA D{ﬁv\e_ Y- V. S,V )03
SM = X‘ +x,_+-x)(M whev th { isogs.&s

N -
buy CSME— o‘?
Outpit )3 = Nléx.; i oo

propovhone P



TL‘C) AAaﬂA D{ﬁv\e Y- V. S,V )aj
Sy = X+ X+ XXy whew x;:{ i s




The Ml Defive v Su by | ~f pese
SN = X‘ ‘(’X + - X)(M whee X = {0 nuRm

N | t
OM‘tPV\T ﬁ Nl é X =TT mfﬁ& uMkv\USV\

"' propovhone P
tlp) = o Efx] = xlVp = Ea——e:tj:;‘*
L7 W) = A—,‘;X/‘/P(“P) = (p(2 o

vimN ¥




A |
Qebwhey: R [1P-p\ 7 £] < =

Reaall - we wat P [1p—pl % 001] < 005

St = 0.0| ‘ < 005
So we set € awnd &N

4€N >

0.05

2

o Sowe calumlation Works for owy desived accuroey & Wﬁohm

o Acnal sample size veguaed s o lit-swalles ( USiviay
Sh’bwser coveerliadiow Younmds vastead of Cl/e\p&s\ne\d



acnem(/iznham' "D “'{j

N %ﬂa .

; - ‘Wlﬁ E['(] v Qa /

69 eshma@ a\/e 0‘96 Weal'“/l OF MS PDP ( g X
v vl al‘ L'OV‘

Sty
Zrkp;(e N people Vou/\o‘om‘:«j £
¢ = VEﬂLﬂA OF tﬂn WdQP

Output
fr= L20X, é—ﬁ@"f

i=|
rm= E[X]

E[ M) = A—‘/ NPy = M
write Vav(X;)=6%




E[F]=1  Uw(f)- &
SI\Pyose we  wowil accuvoey TEM ] (_ovnﬁ;o'\emce |’g

CL‘BLMSW : W[\/’/\\‘_/A,WZ/.A—] < \/b”(/c‘):i
g’ NeM
So to ensure wy\fw‘emcc l"g we need 'i“"c;ff\{
6‘1 \( g — N >/ _6’?—& | | cstiumatim
Nen® M ete
O pie specfc

cos\



E[F]=1  Uw(f)- &
S,\Wose_ we  wowil accuvoey TEM ] (_mﬁ;a’\ewce |’g

Clebgher : B [\fiplrgm] « WilP) - 6
g’ NeM
So 4o ensuve ondfidene |-§ we need
61 < g = N 7 _il =l ’
New® Mo €8

What valmes S\Aou\lolw&\ng\'M{lor 5 M7
\A/ecawuse,qmﬂ wpper lbound v 6 cwd oy lower lound on M

Eg fw MS MEﬂlH« , mMM use M % 90,000 (1% st)‘

But- @ iscpribem | £lon Musk ($1908) = 6°2
~ 104 1))




4
Nz &
pEoes

H'vaev, SUppose we knaw ot wobody's wea \th
AS wmole tham K tiwes the avevoge wealta

Ten X, « k" and so
Vo () = E [&-#5] & & 3M

Ad e 0% 2 (k-))", s ifs eviougl
MZ

o lake |\ 7 (k=)<
€28

Eq fsvk=3, =01, §-005 —= N = 3000 suffices




Law of Lavge Numloevs

Theovem : Let Xi, Xa, o= be a seQuence of i.<.dl.
Yondom Vaviables uNJWIA common expectation M= E[X
Ti/llv\ SN = K'/-ZX" Saﬂs(—'\'cs

=l

WfjaSy =+ »e] =0 wN==
ﬁvw E>0.

éﬂghslg : We can adhieve aw\ﬂ deswved OLCUVacy £>0
omd any desived owfidence 1—8 < |

by Yaking the sample size N lavge enough




Law OF LaA/ﬂe Nwwl[oo/s

Theovem : Let Xis Xo, ... be a seQuence of i.<.d.
Yondom vaviables WUA common expedtation M= E[X:] .

Than Sy = ""wa sasfies

?f[/ﬁgl\/ "’/"I Y 2] >0 osN—=
Jov amy £>0.

M: L?XS:A‘/SM //leé['j :N‘lﬁ.E[Xu]‘—'/A
owl8) = S Uel) = B2 bens )
\/M(‘{\) "O

O’V‘J‘Qﬁl\eu F([ —/A,7’£'] £t A/gz N->00




