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Recap of Previous Lecture

Markov chain :

• Set of states K={ 1, . . . ,k}
• Kxk transition matrix Pst.

Pli,j ) > 0 Hi,j

§*P(iij)=l Hi

Ég . 20.5 P=
0.5 0.25 0.25 0

0.5① 0.7

0.49 0.5 0 0.01←É5 1^0--5
0.25 0 0.70.05

0.5 0.5 0 0.5 0



Markov chains (cont. )

• Time evolution :

Xo - Ito : initial state

Xu - In : state at time n

[independent ofPr(Xn=j / Xn.,=i]=P(i.j ) xo.xn-xn.at

⇒ In = Hm ,
P = II P

"

[ - Tin=] = 1- Tmt

( p )



Markov chains (cont. )

• Invariant/Stationary Distribution :

A vector it satisfying it P = it

• Can compute it by solving the balance equations :

I (g) = E it Ii) Pli >j ) i= 1,2
, . . .>Kick

and normalizing so that Eitlj ) = I

j c-K

• P is irreducible if 3- path in>j tij
• Pis aperiodic if the set of all path lengths imj

has no non-trivial common factor

[Can make any P aperiodic if necessary by adding]
a loop to every state



Markov chains (cont. )

Fundamental Theorem

If Markov chain P is irreducible aperiodic
then it has a unione invariant it ,
a- (i) >0 Hi , and

Prlxn = i ]→ Ili )

V-iv-xon-aozo.SE#
as① 1^0.5 of

⇒

IT =
,
[550, 275 , 505 , 28] = [0.405,0-202,0-372,0021]

Pr [ ✗n = ] → Ff§→ = 0.202 as in→ as



Today
• More examples
- card shuffling
-
random walk on a graph

•• Hitting time
• Gambler's Ruin



Examples
1 . Recall the slow card shuffle :

States : all N! permutations of the deck (N cards )

Transitions : pick 2 random cards switch them
A

N=3

g =
n =p

All trans .probs - =¥, = Is

±
(1)t.EE#:t .c-

This chair is irreducible GVN) because we can transform
any permutation into any other using a sea - of transpositions

we can make it aperiodic by adding a small loop atevery state



Irreducible aperiodic ⇒ F unique invariant it

claim : it is uniform over all K= N ! permutations

Proof : Follows from move general property that P
is symmetric , i. e. , Pli,j) = PCj.it Kj

Balance equations :

IT (j ) = £ IT Ii ) Pli,j ) =
Éñli) Plj,i )

i= 1

Plugging in -111;) = ± fi :

symmetry
of P

⇐ = £ 1- PG;D = 1- Épfj,i)= I ✓
i=i K K in K

Hence it uniform is invariant
.



Corollary : Starting from any ordering of the
cards

, if we repeatedly perform random transp's .

we will converge to a uniformly random ordering ?

Q : How many transpositions until deck is close to
uniform

A : 01N log N) (where N=#of cards )
I see CS 174]



Aside : Mathematical model of
"
real

"

riffle shuffle

• split deck into two parts using BinIN, Yz)
distribution

• interleave the two parts by dropping next
card from Left/Right hand

'

W-prob .¥r / ¥1k

⇐ ⇒
"Trailing the
DovetailShuttle

Fact : 0110g N) of these shuffles suffice wits lair
"

y

when N= 52
, 7- shuffles suffice [Bayer /

Diaconis ]



Random Walk on a Graph
Let G=(V, E) be a connected undirectedgraph
Random walk on G is the Markov chain
with states V that at each step moves to
a random neighbor of the current vertex

i. e-
,
P(u,V)= {detgu) if {an }EE0 Otherwise

€-9 .
: 1¥

B

A B C D E

A 0 Yz 0 0 42
A FB 4,384

" B( 43 0 0 1/3 43

yay c P= C O O O O 1)D O 42 0 0 42
E

D E 1/4 44 1/4 44 0



Assume his connected and not bipartite

Then random walk converges to a unique
invariant distribution it

Q : what is it ?

A : it(a) = de§,¥ ← normalizing factor :

E deg (a) = 215-1
UEV

¥É¥Proof : Check the balance equations :

ñµ)= Ett (ul Plu , V) =E it (a) ✗
1-

UEV u :{u,v}eE deglu)

degI= E d¥¥×¥u, = ¥,-21 = d¥¥✓HEI U:{u,v}eE u :{u,v}EE



A

B

Example : 216-1=12
C

E
D

*(A) = E- = }
a- (B) =# = ¥
it/C) = ¥

11-1131=7-2--5
TIE/ = E. = §



Hitting Time * except that t may
be absorbing

Q : Let P be an irreducible
*

Markov chain

What is the expected no . of steps to reach
state t starting from state i ?

>
Ji

i > j ,

→
t

→

>

jz

Define Pti) :=E[#steps to reach t starting from i]
Then Pti) = I + E Pli,j ) Plj ) Kitt

j c-K

Blt ) = 0

" First step
"

equations - another linear system



Define Pti) :=E[#steps to reach t starting from i]
Then Pti) = I + EPli.jp/j ) Kitt

g- c-K

Blt ) = 0

Recall :
" law of total
probability

" Pr (A) = EBLA / Bi]
A bit more formally . - - Bi

Pr [Bit
{Bi} a partitionRob . space : all paths ending att

✗ i. = length of path assuming it stark ati

Then Efx;] = E ElXi list step is i→j)Pr[1ststep is i→j]
jEK

I '

¥Fa¥%n . .}
E Pcisj ) E[Xi list step is i→j]

total JEK
FETE

= It E Plisj) Plj)
j&K



Define Pti) :=E[#steps to reach t starting from i]
Then Pti) = I + E Pli.jp/j ) Kitt

y j c-K

first step

Blt ) = 0

" First step
"

equations - another linear system

E.g. :

1-p G
A

P
> B 1

For i c- {A , B } let Pli) = E[#steps to reachB
starting from i ]

Then BIA) = I + X-p) PIA ) + pp (B)

BCB) = 0

Solve : P (A) = I + X-p ) PCA)

⇒ PCA) = Yp

Note : Alternative proof of ELX] = Yp for ✗~Geom(p)



Extension : toss afaircoin until you get HHH
✗ = # tosses
what is Efx] ?

V4
>

HH

7h All remaining trans .

g

"" ③ HT >
⇐ 21 probs . are 42

""
>¥i)V4
p ✓

tosses

Pti) :=El#steps to reach E- starting at i]>

TT 2
p(E) = 0

PG)= It f- (PIHH)+MHT)+P(TH) +PITT))
PCHH)= It tzpf E) + E. PIHT)⇒ : PCs)= 14 PCH-17=1+2 PCHH ) + ERITH)

i.



Example : Climbing a (very slippery ) 10- rung ladder
On each step, slip down to bottom iv. prob . 0 . I

0? BOTTOM TOP

o 1 z 3
¥

¢ g- 6 7 8 % 9 to

"

↳

Q : What is expected time to reach Top from Bolton ?

Let Pli) : = E[#stepsto reach Top starting at i ] i-0,1 ,
-- -

, 10

First step eauns :

Pti) = 1 + (tp) BIO) + pp(in) P- Pli, it 1)
= 0.9

PAO) = 0



First step eauns :

Bci)= 1+11-p)B(o)+pB(i+1) P- Pli> it )
= 0.9

PAO)= 0

Solve - - -

PO)= 1+(1-17110) -1 ppllo) = 1+4-p)Plo)

pls) = I +X-p)PlO)+p[ 1+11-1>791017 =(Hp) /Http) plot]

PH)= It Itp)PÑ+p(tip)[ 1+4- p)P(077--4+1>+15/[1+140401]
:

Pli)= ( + pt . - -+ Pti) (Http) Pto)) i=Qh . -

→ 9

= l[Pi [ 1+4- p> Plo) ]
⇒ Plo)= PT For F-0.9, BIO)= 18.7



Gambler's Ruin

Recall : Fairgame : win/ lose $1 each with pros . Yz
start with $5

,
end when reach $0 or $1M

0 1 - - . . s-2¥ s-s s s+, stz - - - - M-1¥ M
U,

% %
µ

'k 'k V1

start here

Q : What is the probability we hit 0 before hitting M ?

Define ✗(i) : = Prlhito beforeM starting at i ]

Them ✗ (M) = 0 ✗ (O ) = 1

equations
✗ lil = I ✗ ( in) + {✗ (i, , ) )

first step

General ✗ ( i;) = § Plijxlj) fight Fob? i -1-0'M
Mc :



Define dfi) : = Prlhito beforeM starting at i ]

Them ✗ (M) = 0 ✗ 101=1
equations

✗ lil = { ✗ ( in) + {✗ fi, , ) )
first step

✗ (M-1) = £4M) + £21M-2) ⇒ ✗ (M- 1) = I ✗ (M-2)

✗(M- 2) = £4M-1) + { ✗ IM-3) ⇒ ✗(M-2) = E. ✗ (M-3)

✗ In -3) = {✗ IM-2) + I ✗ (M-4) ⇒ AM-3) = ¥4M-4)
:

dlm-jt-jI-xlm-j-D-g.IT . ?¥z . 1¥ . . - - ¥ ✗ (M- K)

= Ik LIM-K)
set k=M ⇒ ✗ (M -j )= Im ✗ (O) = Im
set j= M-s ⇒ ✗ (s) = ¥ ← Pr [hit 0 beforeM] ✗ distance ofstartpoints

fromM


